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  Abstract 

 
 This paper studied the repairable system with M operating 

machines, S warm standby machines and R heterogeneous servers 
where warm standby machines have switching failure probability q. 
Once all spares are utilized, system starts working under degraded 
mode due to load sharing. It is assumed that failure and repair times 
of the machines follow the exponential distribution. Steady state 
probability is evaluated using successive over relaxation (SOR) 
technique. A cost model is developed in order to obtain the 
optimum number of repairmen and spare machines maintaining the 
system availability at minimum specified level. We performed 
sensitivity analysis under optimum operating conditions. 
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1. Introduction 

In this paper, we deal with machine repair problem with the warm-standby and standby switching failures, 

where group of identical machines (operating or spare machines) are operated by one or more repairmen as 

availability at repair facilities. There is a possibility of failures during the switching of a machine from 
standby state to operating state. Therefore, we may also consider the possibility that a failure probability is 

associated with switching device. Chien (2010) presented a model for preventive replacement of failure. By 

this model, we obtain the optimal number of minimal repairs before ordering spares which is help in 

minimizing the system cost. The machine repair problem with spares has been studied by several researchers. 

Recently, Jain and Preeti (2014), Shree et al. (2015), Jharotia and Sharma (2017), Shekhar et al. (2018) etc. 

have studied in this area. Once all the spares are utilized, the system starts working under stress in degraded 

mode due to load sharing. Jain et al. (2012) provided the queueing analysis of multi-component machining 

system. Who have incorporated the concept of standby switching failure and used successive over relaxation 

(SOR) technique. Recently machine repairing systems with standby switching failure studied by Jain et al. 

(2014), Ke et al. (2016), Shekhar et al. (2017) etc.. Best of our knowledge, analysis of degrading machining 

system with standby switching failures has never been investigated. This model reduces the system cost with 
respect to above models. The main purpose of this paper is threefold.  
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 Firstly, we solve steady state equations of our model using computer software MATLAB. 

 Secondly, we have been developed a cost model to determine optimum number of repairmen and 

spare machines, maintaining the system availability at minimum specified level.  

 Thirdly, we performed sensitivity analysis to study the effect of system parameters on the optimum 

cost.  

Spare support is most important factor for smooth running of any machining system and avoids loss of 

production. The provision of spares may be helpful in improving the system reliability/availability. The 
machine repair problem with spares has been studied by several researchers since long including Gupta and 

Rao (1996), Sharma (2012), Jain and Preeti (2014), Shree et al. (2015), Jharotia and Sharma (2015, 2017) etc. 

Once all the spares are utilized, the system starts working under stress in degraded mode due to load sharing. 

Jain and Upadhyaya (2009) studied the degraded machining system with multiple vacations and multiple type 

spares under threshold N-policy. Kumar and Jain (2013) provided a threshold N-policy for degraded 

machining system with standby switching failure.    

Major impact on availability and reliability of repairable system are affected by the common cause failures. 

Several situations like as humidity, temperature, shock voltage fluctuation etc. that prevail in many 

machining system. Research works in this area have been done by Hughes (1987), Kvam and Miller (2002), 

Jain and Mishra (2006), Dai and Wang (2007) etc. studied the common cause failures on machine repair 

problem. Jain et al. (2013) studied the machine repair problem with common cause failures and switching 
failure. Jharotia and Sharma (2016) also discussed the common cause failures in machining system. 

In machine repair problems, most of researchers assumed that the switchover from standby machines to 

operating machines is always perfect. Although these assumptions simplify the analysis of the problem, they 

might not reflect certain real situations. Possibility of failures, during the switching machine is always 

considered. Concept of switching failure in the reliability with standby system was first introduced by Lewis 

(1996). Kuo and Zuo (2003) studied the various type of system reliability models such as series, parallel, 

standby, multistate system etc. Wang et al. (2006) extended Sivazlian and Wang (1989) model to consider 

standbys switching failures. Hsu et al. (2011) studied the standby system with general repair, reboot delay 

and switching failure using statistical inference procedures. Hsu et al. (2014) extend previous model for 

profit analysis. Shekhar et al. (2014) provided the fuzzy analysis of machine repair problem with switching 

failure and reboot.  

1.1. Model description 

We have considered a machine repair problem having M operating machines, S standby machines and R 

repairmen in repair facilities. The following assumptions are taken into consideration for the mathematical 

formulation of the model: 

 The operating machines as well as spare machines fails according to exponential distribution 

with rate 𝜆 and 𝛼 (0 < 𝛼 < 𝜆) respectively. 

 The machining system may also fail due to some common cause in Poisson fashion with rate 𝜆𝑐 . 
 When all spares are exhausted, and new machine fails, the system works under stress in 

degraded mode with degraded failure rate 𝜆𝑑  . 

 As soon as operating machine fails, it is replaced by an available standby machine and 

immediately sent for repair to repair facility, where it is repaired in order of breakdowns with 

repair rate 𝜇. The switch-over time is instantaneous.  

 It is also assumed that when a spare machine move into an operating state, its failure 

characteristics will be same as an operating machine. 

 It is also assumed that there is always a possibility of failures during switching of machine from 

standby state to operating state means that switching may not perfect. So that the switching 

device has a failure probability 𝑞. If a spare machine fails to switch to operating state, the next 

available spare attempts to switch. This process is continues till successful switching or all the 

spares have failed. 

 Once a failed machine is repaired, it is good as new one and goes into standby state or operating 

state. It may goes into operating state, if system is short (less than required operating machines). 

2. Research Method 

For the machine repairable system with standby switching failures, we describe the states of the system 

by {𝑃(𝑖): 𝑖 =  0, 1, . . . ,𝑀 +  𝑆}, where 𝑖 denotes the number of failed machines including the operating and 

spare in the system. 

 

Figure 1: State transition rate diagram 
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The combination of failure rate and service rate is given as - 

𝜆𝑖 =  
𝑀𝜆 +  𝑆 − 𝑖 𝛼 + 𝜆𝑐 ,                                0 ≤ 𝑖 ≤ 𝑆
 𝑀 + 𝑆 − 𝑖 𝜆𝑑 ,                   𝑆 + 1 ≤ 𝑖 ≤ 𝑀 + 𝑆 − 1

0,                                                         otherwise

  

The mean repair rate  𝜇𝑖  is given as 

𝜇𝑖 =  
𝑖𝜇,                       𝑖𝑓 1 ≤ 𝑖 < 𝑅
𝑅𝜇,    𝑖𝑓  𝑅 + 1 ≤ 𝑖 ≤ 𝑀 + 𝑆

0,                         otherwise

  

In steady-state, let 

𝑃 𝑖 ≡  Probability that there are 𝑖 failed machines in the system, where 𝑖 =  0, 1, . . . , 𝑀 +  𝑆. 

 

 

Referring to the state-transition-rate diagram for the machine repair problem with standby switching failures 

shown in Fig. 1 lead to the following steady-state equations: 

𝜆0𝑃 0 = 𝜇1𝑃 1                                                                                                                                              (1) 

 𝜆1 + 𝜇1 𝑃 1 =  𝑀𝜆 1 − 𝑞 + 𝑆𝛼 𝑃 0 + 𝜇2𝑃(2)                                                                                      (2) 

 𝜆𝑖 + 𝜇𝑖 𝑃 𝑖 =  𝑀𝜆 1 − 𝑞 +  𝑆 − 𝑖 + 1 𝛼 𝑃 𝑖 − 1 + 𝜇𝑖+1𝑃 𝑖 + 1 +  𝑀𝜆𝑞𝑖−𝑛−1 1 − 𝑞 𝑃 𝑛 

𝑖−2

𝑛=0

, 

                                                                                                                                              2 ≤ 𝑖 ≤ 𝑆            (3) 

  𝜆𝑆+1 + 𝜇𝑆+1 𝑃 𝑆 + 1 = 𝜆𝑆𝑃 𝑆 +  𝑀𝜆𝑞𝑆−𝑛  1 − 𝑞 𝑃 𝑛 𝑆−1
𝑛=0 + 𝜇𝑆+2𝑃 𝑆 + 2           𝑖 = 𝑆 + 1             (4) 

 𝜆𝑖 + 𝜇𝑖 𝑃 𝑖 = 𝜆𝑖−1𝑃 𝑖 − 1 + 𝜇𝑖+1𝑃 𝑖 + 1 ,                                                    𝑆 + 2 ≤ 𝑖 ≤ 𝑀 + 𝑆 − 1     (5)        

  𝜇𝑀+𝑆𝑃 𝑀 + 𝑆 = 𝜆𝑀+𝑆−1𝑃 𝑀 + 𝑆 − 1                                                                            𝑖 = 𝑀 + 𝑆           (6) 

Eqs. (1) – (6) cannot be solved recursively to obtain closed-form expressions for the 𝑃(𝑖). The steady-state 

solutions 

 𝑃(𝑖)(𝑖 =  0, 1, . . . , 𝑀 +  𝑆) always exist because the number of states is finite. With the normalizing 
condition, 
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 𝑃 𝑖 

𝑀+𝑆

𝑖=0

= 1 

                                                                                                                                                                           (7)  

The steady-state equations of our model can be represented in form of 𝐴𝑥 = 𝑏. The linear system of 

equations has been solved by SOR technique with parameter value 𝜔 = 1.25  in MATLAB 8.1. 

2.1. Queuing and reliability measure 

Performance measures of our model defined as follows:   

 The expected number of failed machines in the system is given as 

                       𝐿𝑓 =  𝑖𝑀+𝑆
𝑖=1 𝑃(𝑖)                                                                                                         (8) 

 The expected number of operating units in the system is given as 

          𝐸 𝑂 = 𝑀 −  𝑖𝑀
𝑖=1 𝑃(𝑆 + 𝑖)                                                                                             (9) 

 The expected number of spare units in the system is given as 

          𝐸 𝑆 =  (𝑆 − 𝑖)𝑆
𝑖=0 𝑃(𝑖)                                                                                                 (10) 

 The expected number of idle servers in the system is given as 

          𝐸 𝐼 =  (𝑅 − 𝑖)𝑅−1
𝑖=0 𝑃(𝑖)                                                                                                (11) 

 The expected number of busy servers in the system is given as                    

          𝐸 𝐵 = 𝑅 − 𝐸 𝐼                                                                                                              (12) 

 The expected switching failure rate is given as 

          𝑆. 𝑅. =  𝑀𝑆
𝑖=1 𝜆𝑞𝑃(𝑖 − 1)                                                                                              (13) 

 The machine availability of the system is given as                                       

         𝑀. 𝐴. =  1 −
𝐿𝑓

𝑀+𝑆
                                                                                                               (14) 

 The fraction of busy servers (operative utilization) is given as                          

          𝑂. 𝑈. =  
𝐸[𝐵] 

𝑅
                                                                                                                     (15) 

 The steady-state availability of the system is given as                                       

         𝐴𝑣 =   𝑃(𝑖)𝑆
𝑖=0                                                                                                                 (16) 

2.2. Cost model 

In this section, we construct a steady-state expected cost function and impose a constraint on the availability 

of system in which R and S are decision variables (discrete). Our main objective is to determine the optimum 

value of R and S, say R* and S*, so as minimize this function to maintain the system availability at minimum 

specified level. Cost parameters are defined as -  

𝐶𝑂 ≡  Cost per unit time when one of machine is in an operating condition,  

𝐶𝑆 ≡     Cost per unit time when one machine is acting as a standby, 

𝐶𝐼  ≡    Cost per unit time when one of repairman is idle, 

𝐶𝐵  ≡   Cost per unit time when one of repairman is busy, 

𝐶𝑆𝐹 ≡  Cost per unit time when one of standby machine has switching failure, 

The optimum value (𝑅∗, 𝑆∗) solved by cost minimization problem which can be stated as follows – 

Min𝐹(𝑅, 𝑆) = 𝐶𝑂𝐸 𝑂 + 𝐶𝑆𝐸 𝑆 + 𝐶𝐼𝐸 𝐼 + 𝐶𝐵𝐸 𝐵 + 𝐶𝑆𝐹𝑆. 𝑅 

                                    𝑠. 𝑡.  𝐴𝑣 ≥ 𝐴0 

Where,  𝐴𝑣  is the steady state availability of the system defined by Eq. (16) in performance measures and  𝐴0   
is the pre-specified level of system availability. 
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3. Results and Analysis 

Direct search method (heuristic approach) has used to find the optimum value of repairmen and spares. Due 

to discrete property of R and S, we use direct substitution of successive values of R and S into the cost 

function until the optimum value of  𝐹(𝑅, 𝑆), say 𝐹 𝑅∗, 𝑆 ∗  is achieved and constraint is satisfied.  

3.1. To find optimum value of spares and repairmen (S*,R*) 

A Numerical illustration is provided by considering the following cost parameters: 

𝐶𝑂 = 200, 𝐶𝑆 = 100, 𝐶𝐼 = 80, 𝐶𝐵 = 125, 𝐶𝑆𝐹 = 100. 

For computation purpose, initially, we fixed number of operating machine M = 10 and choose parameter 

values  𝐴0 = 0.9, 𝜆 =  0.3, 𝛼 = 0.2, 𝜇 = 1.0, 𝜆𝑐 = 0.15, 𝜆𝑑 = 0.6, 𝑞 = 0.2. 

The expected profit of the system 𝐹(𝑅, 𝑆) and system availability 𝐴𝑣 are presented by table 1 for different 

value of R and S. This table shows that the minimum expected cost per day (426.06) and system availability 

𝐴𝑣 = .904 is obtained at 𝑅∗ = 5 and  𝑆∗ = 6. 

3.2. Effect of system parameters on optimum cost 

In Fig. 2, given below, we drown the three curves corresponding to 𝛼 = 0.1, 0.2, 0.3 respectively. This figure 

shows that optimum cost increase significantly as 𝛼 increases and increasing the failure rate of operating 

units (𝜆). In Fig. 3, we drown the three curves corresponding to 𝛼 = 0.2, 0.3, 0.4, respectively. This figure 

shows that the optimum cost increase as increases 𝛼 and common cause failure rate (𝜆𝑐). In Fig. 4, we drown 

the three curves corresponding to 𝛼 = 0.2, 0.4, 0.6, respectively. This figure shows that optimum cost 

decrease till 𝜆𝑑 < 0.6 but from 𝜆𝑑 = 0.6  it almost constant while optimum cost decrease is decrease on 

increasing of (𝛼). In Fig. 5, we drown the three curves corresponding to 𝜆 = 0.5, 1.0, 1.5, respectively. This 

figure shows that the optimum cost increase as increases failure rate of spare units  (𝛼) whereas it increases 

slowly by increasing the 𝜆. In Fig. 6, we drown the three curves corresponding 𝛼 = 0.2, 0.4, 0.6, respectively. 

This figure shows that the optimum cost increase significantly as 𝜇 increases whereas it increases as 

increasing 𝛼. Optimum costs are similar at 𝜇 = 1 for all three curves. 

Table 1: The expected cost 𝐹(𝑅, 𝑆) and system availability 𝐴𝑣 under optimum operating condition   

      

  S             2               3             4              5             6              7              8                   

          R                  

             

2            50.31       50.34      50.37       50.40      50.42       50.45        50.49         

              0.096       0.187      0.312       0.429      0.506       0.548        0.600            

3            175.48     175.52    175.56     175.60    175.64     175.68      175.72    

               0.105       0.248      0.332       0.503      0.623       0.734        0.753 

4            300.64     300.69    300.74     300.80    300.85     300.90      300.96    
               0.121       0.278      0.592       0.627      0.894       0.924        0.959 

5            425.80     425.86    425.93     426.00    426.06     426.13      426.23    

               0.150       0.343      0.603       0.833      0.904       0.944        0.962  

6            550.96     551.04    551.12     551.20    551.28     551.36      551.47    

               0.161       0.328      0.742       0.88        0.944       0.985        0.992  

7            676.16     676.21    676.30     676.40    676.49     676.61      676.68    

               0.142       0.417      0.632       0.873      0.932       0.989        0.998                                                                                                                                                                                                                                                                                                                                                                                                                    
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Figure 2: Effect of failure rate of operating units on optimum cost

 

Figure 3: Effect of common cause failure rate on optimum cost 

 
Figure 4: Effect of degraded failure rate on optimum cost 
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Figure 5: Effect of failure rate of spare on optimum cost 

 
Figure 6: Effect of service rate on optimum cost 

4. Conclusion  

In this paper, we studied the machine repair problem to analysis the performance and also perform sensitivity 

analysis. The concept of common cause and degraded failure rates leads our model to deal with embedded 

engineering systems including electronics/ electrical and computer and communication systems etc. The 

optimum number of repairmen and spare machine are determined with the help of a cost model, to ensure the 

system availability its minimum level (𝐴0 = 0.9). 
Numerical experiment may helpful to explore the effects of parameters on performance measures. This 

model may be applied in production and manufacturing industries and helps to decision makers to design an 

effective system. 
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